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We propose that chiral anomaly of Weyl superconductors gives rise to negative thermal magne-
toresistivity induced by emergent magnetic fields, which are generated by vortex textures of order
parameters or lattice strain. We establish this scenario by combining the argument based on Berry
curvatures, and the quasi-classical theory of the Eilenberger equation with quantum corrections aris-
ing from inhomogeneous structures. It is found that the chiral anomaly contribution of the thermal
conductivity exhibits characteristic temperature dependence, which can be a smoking-gun signature
of this effect.
PACS numbers:
Introduction.— In Weyl semi-metals and Weyl su-
perconductors, low-energy excitations behave as Weyl
fermions characterized by nonzero Berry curvatures in
the momentum space, which stem from monopole charges
at Weyl points [1–9]. This feature results in various in-
triguing electromagnetic responses associated with chiral
anomaly. For instance, in the case of Weyl semi-metals,
chiral anomaly gives rise to the anomalous Hall effect,
chiral magnetic effect, and negative magnetoresistivity
[10–17], some of which have been already experimentally
verified in real materials [18–24]. For Weyl supercon-
ductors, however, chiral anomaly phenomena can not be
realized by simply applying electromagnetic fields, be-
cause Weyl-Bogoliubov quasiparticles do not carry def-
inite charges. Instead, chiral anomaly in the supercon-
ducting state can be induced by emergent electromag-
netic fields which are generated by spatially inhomoge-
neous textures of order parameters, or lattice strain [25–
40].
In this letter, we demonstrate that negative magne-
toreisistivity of longitudinal thermal currents induced by
an emergent magnetic field can be a signature of chi-
ral anomaly; i.e., thermal conductivity of Weyl quasi-
particles increases as the emergent magnetic field par-
allel to the temperature gradient increases, even when
pair-breaking effects due to magnetic fields are negligibly
small. We examine two scenarios for realizing emergent
magnetic fields. One is that induced by vortex textures
in the mixed state, and the other one is a chiral mag-
netic field arising from lattice strain [26, 39, 40]. We
establish the above-mentioned result by combining the
argument based on the semiclassical equation of motion
with Berry curvatures characterizing Weyl fermions, and
microscopic analysis using quasiclassical theory of the
Keldysh Green function. Our finding is relevant to pu-
tative Weyl superconductors such as multi-layer systems
[9], and uranium-based systems, URu2Si2, UPt3, UCoGe,
U1−xThxBe13 [41–53].
Semiclassical argument for thermal transport with
Berry curvature.— We, first, present a semiclassical ar-
gument for thermal transport. This approach is useful
for qualitative understanding of chiral anomaly effects.
We consider a paradigmatic model of Weyl supercon-
ductors which describes a three-dimensional (3D) chiral
px + ipy pairing state of spinless fermions, though our
basic idea can be generalized to any Weyl superconduc-
tors. The superconducting gap function for homogeneous
cases is given by ∆k = ∆(kx − iky)/kF . In this system,
low-energy excitations from point nodes of the supercon-
ducting gap at k = (0, 0,±kF ) behave as Weyl fermions.
The model Hamiltonian for low-energy Weyl quasiparti-
cles with the monopole charge s = ±1 in the case with
spatial inhomogeneity is given by,
Hs(k, r) = seµaV ab τb(kµ − sk0µ), (1)
where V ab = diag[
∆
kF
, ∆
kF
, vF ] with vF the Fermi velocity,
τa is the Pauli matrix in the particle-hole space. Spatial
inhomogeneity is described in terms of the vielbein eµa .
We use greek letter indices µ = 1, 2, 3 as space indices
for the laboratory frame, and roman letters a = 1¯, 2¯, 3¯
as indices for a local orthogonal frame. As mentioned
above, the spatial inhomogeneity gives rise to an emer-
gent magnetic field B = T µkµ with the torsion field,
(T µ)ν = 12ǫ
νλρT aλρe
µ
a , T
a
µν = ∂µe
a
ν −∂νeaµ, where eaµ is the
inverse of eµa [26–29, 54]. It is noted that B plays a role
of a chiral magnetic field, when T z is nonzero, since the
sign of kz at the Weyl points of the model (1) corresponds
to chirality of Weyl fermions. There are several ways of
realizing nonzero B in superconductors. For instance, a
vortex line texture parallel to the z-axis, i.e. ∆ = ∆0e
iφ
generates the emergent magnetic field, B = (0, 0,Bz)
with Bz = T µ12kµ = (ky cosφ − kx sinφ)/r, which does
not depend on kz, and is not a chiral magnetic field, but
imitates a usual magnetic field. Also, lattice strain such
as twist of a crystal structure with a rotation axis parallel
to z-direction gives rise to an emergent chiral magnetic
field along the z-axis. In the following, we consider mag-
netoresistivity of thermal current for these two cases.
By using the semiclassical equation of motion with
Berry curvatures for Weyl quasiparticles [54], and the
2Boltzmann equation, we obtain the chiral anomaly con-
tribution of the local thermal current JH(r) up to leading
terms in B,
JH(r) =
∑
s=±1
∑
k
(vps ·Ωkks)2ε2ks
(
∂f
∂εks
)
τks
×
(∇T
T
· B
)
B, (2)
where εks =
√
v2(kz − sk0z)2 +∆2(k2x + k2y)/k2F , vks =
∂εks/∂k, τks is the relaxation time, f is the Fermi dis-
tribution function, and Ωkks is the Berry curvature gen-
erated by the monopole charge at the Weyl point, which
characterizes the chiral anomaly contribution. Equa-
tion (2) evidences the negative thermal magnetoresistiv-
ity (NTMR) due to the emergent magnetic field B. It is
noted that the chiral anomaly contribution of the thermal
conductivity κA extracted from Eq. (2) exhibits singular
temperature dependence. In the case of a constant relax-
ation time, we have,
κA ∝ 1/T, (3)
for low T . If one takes into account temperature-
dependence of τks more precisely, the low-temperature
behavior becomes more singular. This behavior is due
to the singularity of the Berry curvature in the vicinity
of Weyl points, i.e. Ωkks ∼ 1/|δk|2 for the deviation
from the Weyl points |δk| → 0. The characteristic T -
dependence of (3) can be utilized for discriminating the
chiral anomaly contribution from usual contributions of
thermal conductivity of nodal excitations, κ0 ∝ T for
T → 0. However, we must be careful about the applica-
bility of Eq. (2). The divergent behavior of (3) implies
that it can not be used in the low-temperature limit, for
which adiabatic approximation postulated for the deriva-
tion of the Berry curvature formula fails down. Thus,
Eq. (3) is applicable only in the intermediate temperature
region. To investigate thermal transport for the whole
temperature region, we exploit alternative approaches
based on the Keldysh formalism in the following.
Keldysh-Eilenberger approach for cases with vortex
textures.— To confirm the prediction obtained above,
and go beyond adiabatic approximation, which fails down
in the low-temperature region, we exploit the Keldysh
formalism of the quasiclassical Eilenberger equation. We
consider the 3D chiral px+ ipy pairing model again, and,
first, examine the case of an emergent magnetic field gen-
erated by vortex textures of the superconducting order
parameter. The case of strain-induced chiral magnetic
fields will be considered later. A merit of the scenario of
a vortex-induced emergent magnetic field is that it can
be easily realized for any type-II superconductors. Trans-
port properties of systems with inhomogeneous textures
are described in terms of the quasiclassical Green func-
tion gˇ(kˆ, r, ǫ) with kˆ a unit vector parallel to the Fermi
momentum.[54–57]. Using the Keldysh Green function
gˆK , we can express a thermal current as,
JH(r) = NF
∫ ∞
−∞
dǫ
4πi
∫
dkˆǫvF
1
2
Tr
[
gˆK(kˆ, r, ǫ)
]
, (4)
where NF is the density of states at the Fermi level, vF is
the Fermi velocity, and
∫
dkˆ · · · is the normalized Fermi
surface average. In this paper, we consider the spherical
Fermi surface with vF = vFkˆ.
Effects of emergent magnetic fields arising from spa-
tial inhomogeneity can be incorporated via spatial gradi-
ent expansion of the Eilenberger equation, which gives
higher-order quantum corrections to the quasiclassical
approximation. Up to the first order in 1/(kF ξ) with
ξ the coherence length, the Eilenberger equation with
quantum corrections is given by [54],
[(ǫ+ evF ·A)τ3 − hˇ, gˇ] + ivF ·∇rgˇ = i
2
{hˇ · gˇ} − i
2
{gˇ · hˇ},
(5)
where {aˇ · bˇ} = ∇raˇ · ∇kbˇ − ∇kaˇ · ∇r bˇ, and A is a
vector potential due to an external magnetic field, and
hˇ = ∆ˇ + σˇimp with ∆ˇ the gap function, and σˇimp the
self-energy due to impurity scattering, which determines
the relaxation time τ [54]. The nonzero right-hand side
term of (5) describes leading quantum corrections. For
simplicity, we assume that σˇimp does not depend on tem-
perature T . In general, σˇimp should depends on T , be-
cause of the energy-dependence of the density of states of
Weyl quasiparticles, and T -dependence of the gap func-
tion. However, this simplification is useful for the inves-
tigation of characteristic T -dependence of thermal con-
ductivity arising from chiral anomaly, which is predicted
from the semiclassical analysis (3). Effects of an emergent
magnetic field caused by vortex textures are included in
the right-hand side of Eq. (5). We deal with this term in
a perturbative way. We expand the Green function up
to the second order in 1/(kF ξ); gˇ = gˇ0 + gˇ1 + gˇ2. The
non-perturbative part gˇ0 can be easily calculated from
the standard Eilenberger equation without quantum cor-
rections, supplemented with the normalization condition,
gˇ20 = −π2 [58]. The correction terms gˇ1 and gˇ2 are ob-
tained from an inhomogeneous Eilenberger equation with
leading quantum corrections,
[(ǫ + evF ·A)τ3 − hˇ, gˇn] + ivF ·∇rgˇn =
i
2
{hˇ · gˇn−1} − i
2
{gˇn−1 · hˇ}. (6)
The thermal conductivity κ = JzH/(−∂zT ) is obtained
by substituting the solution of gˇ = gˇ0 + gˇ1 + gˇ2 + · · ·
to Eq. (4). The temperature gradient along the vor-
tex line is incorporated as the boundary condition of the
Keldysh component at z = ±∞, gKn (∞) = −2π(gRn −
gAn ) tanh[ǫ/2T (±∞)] [54], where gR,An are calculated in
the absence of the temperature gradient.
3We, first, consider the case of single vortex with vor-
ticity m, i.e. ∆(r) = ∆0(T )[tanh(r/ξ)]
|m|eimφ with
r =
√
x2 + y2. In this case, we can neglect the vec-
tor potential A in Eq. (6). Solving Eq. (6) numerically
for gˇ1 and gˇ2, we found that the contribution from gˇ1
to the thermal current is negligible. The leading quan-
tum correction associated with the vortex-induced emer-
gent magnetic field arises from gˇ2. The calculated re-
sults of this quantum correction term of the thermal
conductivity, κ2, for vorticity m = 1, 2, 3 are shown in
FIG. 1(a), where κ2 is spatially averaged over the core
region within r ≤ 5ξ. In this calculation, the BCS-type
temperature-dependence of the gap function is assumed,
the energy unit is scaled by 2πTc, and the parameters are
set as, vF = 20, kF = 1, ξ = 20, ∆0(0) = 1.765Tc, and
1/τ = 0.002. It is noted that κ2 increases as the vortic-
ity increases. Since the emergent magnetic field is pro-
portional to the vorticity, this behavior implies negative
magnetoresistivity of thermal currents. Furthermore, the
T -dependence of κ2 remarkably exhibits upturn increase
in the intermediate temperature region, which is indeed
in agreement with the prediction from the semiclassical
analysis, Eq. (3). However, in contrast to the semiclas-
sical result, which fails down in the low temperature
limit, the T -dependence turns to decreasing behaviors
in the low temperature region, which is consistent with
the thermodynamics third law. Thus, it is concluded
that the negative magnetoresistivity of thermal currents
is a signature of chiral anomaly of Weyl quasiparticles.
We, here, comment on T -dependence of the normal self-
energy neglected in our calculations. If one takes into
account the T -dependence due to the energy dependence
of the density of states, the increase of the thermal con-
ductivity is more magnified in the intermediate T -region,
because of the longer relaxation time. Thus, the detec-
tion of the chiral anomaly effect becomes more feasible.
We, next, performed the calculation for the case of a
vortex lattice. For simplicity, a square lattice structure of
vortices is assumed [54, 59]. The calculated results of κ2
are shown in FIG. 1(b), which is the spatially averaged
value over the unit cell. The qualitative characteristic
features are similar to the results for the case with single
vortex. The thermal conductivity increases as a function
of a magnetic field, and the T -dependence qualitatively
coincides with the Berry phase formula (3) in the inter-
mediate T -region, signifying the chiral anomaly effect.
We also calculated the spatial distribution of thermal cur-
rents, and found that thermal currents are mainly carried
by bulk quasiparticles, rather than bound states in vor-
tex cores, confirming that the increase of κ2 is due to chi-
ral anomaly of Weyl quasiparticles. It is noted that the
NTMR in this scenario is free from the issue of current
jetting, which disturbs the detection of negative magne-
toresistivity as a signature of chiral anomaly in the case
of Weyl semimetals [60]. The current jetting is caused by
inhomogeneity of current distribution due to the strong
m=3
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κ2
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T/Tc
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FIG. 1: (a) κ2, versus T in the case of single vortex with
vorticity m = 1, 2, 3. (b) κ2 versus T in the case of a vortex
lattice for H = 0.08, 0.09 , 0.10, 0.11, 0.12 from bottom to
top.
Landau quantization. Since the wave function in the
vortex state is the Bloch function, the current jetting
is absent in this case. We stress that the characteristic
temperature dependence found in FIG.1 can not be re-
alized for any non-Weyl (non-Dirac) superconductors, as
revealed by numerous previous studies on thermal trans-
port in the vortex state [61–73]. Thus, the NTMR with
the characteristic temperature dependence is a unique
feature of Weyl (Dirac) superconductors.
Although the above results establish the NTMR as a
signature of chiral anomaly, the chiral anomaly contribu-
tion shown in FIG. 1(b), which corresponds to the case of
high magnetic fields, is about 0.1 % of the total contribu-
tion. The calculation for low fields is not attainable be-
cause of numerical costs. It is known that for small mag-
netic fields close to a lower critical field and for JH ‖H ,
the field dependence of the thermal conductivity due to
usual pair-breaking is quite small. Thus, in this case,
the experimental detection of the chiral anomaly contri-
bution is still feasible by measuring the field-dependent
part of the thermal conductivity. A more promising ap-
proach for the detection of the chiral anomaly effect is
to utilize an emergent chiral magnetic field induced by
lattice strain. We consider this scenario in the following.
Case of strain-induced chiral magnetic fields.— We,
now, explore the case that lattice strain induces a chiral
magnetic field BC in the 3D chiral px + ipy-wave spin-
less superconductor. To simplify the analysis, we intro-
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FIG. 2: (a) κ versus T for eBC =
0.0, 0.00125, 0.0025, 0.00375, 0.005 from bottom to
top. For the temperature region T < TL, in which
the quasiclassical approximation fails down, the re-
sults are shown in dotted lines. Inset: κ2 versus T for
eBC = 0.00125, 0.0025, 0.00375, 0.005 from bottom to top.
(b) κ versus T for eBC = 0.0, 0.01, 0.015, 0.02 from bottom
to top. The results for T < TL are shown in dotted lines.
duce the strain-induced chiral vector potential by hand
in the mode, though the realization of the strain-induced
magnetic field requires multi-orbital degrees of freedom
[26, 37]. Since a chiral magnetic field causes neither the
Meissner effect nor the vortex state, the pair-breaking ef-
fect due to the chiral magnetic field is remarkably weak
[54]. In fact, for the parameters used in our calcula-
tions, the superconducting state survives against a chiral
magnetic eBC ∼< 0.03, and thus, we can expect enor-
mous NTMR due to a large value of BC . The chiral
magnetic field in superconductors gives rise to a pseudo-
Lorentz force, which is obtained from the right-hand side
of Eq.(5) [74]. For simplicity, we assume a uniform chiral
magnetic field parallel to z-axis, BC = (0, 0,BC). Then,
we end up with the Eilenberger equation,
[ǫτ3 − hˇ, gˇ] + ivF · ∇rgˇ + ievF ×BC · ∂
∂k‖
gˇ = 0. (7)
The last term of (7) is the pseudo-Lorentz force term.
Since this equation is homogeneous, we need an ad-
ditional normalization condition for gˇ to solve it, i.e.,
gˇ2 = −π2. To derive an approximate analytic solution
of (7), we expand gˇ in terms of 1/(ξkF ) and BC up to
the second order. An explicit expression for quantum
corrections of gˇ due to BC is given in Supplemental Ma-
terial [54]. Although the superconducting state is ro-
bust against large values of BC , one can not neglect the
Landau quantization of quasiparticles for a sufficiently
strong chiral magnetic field, which can not be treated
within the quasiclassical approximation. Thus, the tem-
perature range in which our method is valid is limited to
T > TL ≡
√
2eBC∆/kF , for which the Landau levels are
smeared by temperature broadening effect. We calculate
a thermal current from Eq.(4) up to linear order in ∇T
[56, 72]. Numerical results of the thermal conductivity
κ = κ0+κ2 with κ0 the non-perturbed zero-field part and
κ2 the field-dependent quantum correction, are shown in
FIG.2. In this calculation, the BCS-type T -dependence
of the gap function, and the same parameters as those in
the case with vortex-induced magnetic fields are used.
As seen in FIG.2, the thermal conductivity increases,
as BC increases, signfying NTMR. Furthermore, for
eBC >∼ 0.01, the quantum correction part dominates
over, and hence, the total thermal conductivity exhibits
a remarkable increase, as temperature is lowered in the
intermediate temperature region, which is a characteris-
tic feature of chiral anomaly contributions. The positions
of the peaks of κ for different values of BC shown in FIG.2
(b) are roughly Tc×∆/EF , and thus independent of BC .
It is noted that the prominent increase of the thermal
conductivity appears even for temperatures much above
TL for sufficiently large eBC , implying that the increas-
ing behavior of the thermal conductivity is not an artifact
of the quasiclassical approximation. For putative Weyl
superconductors of uranium-based systems with lattice
constants 4 ∼ 9 A˚, BC ≈ 2 ∼ 5 Tesla (T) can be realized
by torsional distortion around the c-axis by 2π per ∼ 1
µm. On the other hand, for a lattice constant ∼ 4 A˚,
eBC = 0.00125 in FIG.2 corresponds to BC ∼ 5 T. In
such cases, the magnitude of the chiral anomaly part of
the thermal conductivity is more than 10 % of the total
thermal conductivity, and thus, it is feasible to detect
the characteristic T -dependence of κ2 experimentally by
extracting BC-dependent part of the thermal conductiv-
ity. We also note that current jetting issue [60] can be
avoided in this case, because the results in FIG. 2 shows
that the characteristic signature of chiral anomaly, i.e.
the upturn increase of the thermal conductivity in the
intermediate temperature region, appears even for suf-
ficiently small chiral magnetic fields which do not cause
the inhomogeneous current distribution due to the strong
Landau quantization.
Conclusion.— We have investigated thermal transport
in Weyl superconductors with emergent (chiral) magnetic
fields. It is established that NTMR as a signature of
chiral anomaly of Weyl quasiparticles can be realized,
and its experimental detection is feasible.
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Supplemental Material
Spatial distortion, vielbein, and torsion field
Effects of vortex textures and lattice strain which
generate emergent chiral magnetic fields in Weyl/Dirac
fermion systems can be treated by using a vielbein field
eµa with µ = 1, 2, 3 space indices for the laboratory frame,
and a = 1¯, 2¯, 3¯ indices for a local orthogonal frame [26–
29, 32–40]. The vielbein relates the laboratory frame
with spatial distortion xµ with the local orthogonal frame
Xa as dxµ = eµadX
a, or dXa = eaµdx
µ where eaµ is the
inverse of eµa . If the spatial distortion is sufficiently small,
the vielbein is expanded as eaµ ≈ δaµ − ∂µua, where ua is
the displacement vector parameterizing the spatial dis-
tortion. Then, a momentum operator kµ is replaced by
eaµka ≈ kµ − ∂µuaka. (8)
The second term of the right-hand side of Eq.(8) plays
a role similar to a U(1) gauge field. In fact, since it de-
pends on momentum ka, i.e. the position of Weyl points
in the momentum space, it can be regarded as a chiral
vector potential, the coupling charge of which depends
on chirality of Weyl fermions. When the rotation of this
emergent chiral vector potential is nonzero, it gives a
chiral magnetic field. More precisely, the chiral magnetic
field is expressed as,
Bµ = ǫ
µνλ
2
T aνλka, (9)
where a torsion field T aµν is defined as,
T aµν = ∂µe
a
ν − ∂νeaµ. (10)
Semiclassical equation of motion with Berry
curvatures
Semiclassical equation of motion with the Berry curva-
ture in the momentum space characterizing Weyl quasi-
particles, and a torsion-induced emergent magnetic field
can be obtained from the path-integral formalism by ap-
plying adiabatic approximation,
dr
dt
=
∂Eks
∂k
+
∂U(r)
∂r
×Ωkks − (∂Eks
∂k
·Ωkks)B
−Ωˆkrs · dr
dt
+ (Ωkks · B)dr
dt
, (11)
dk
dt
= −∂U(r)
∂r
+
dr
dt
× B + (∂U(r)
∂r
·B)Ωkks
+ Ωˆrks · dk
dt
+ (Ωkks ·B)dk
dt
, (12)
7where B is an emergent (chiral) magnetic field, and,
Ωkks = i〈∇kus| × |∇kus〉, (13)
(Ωˆkrs)αβ = i(〈∂kαus|∂rβus〉 − 〈∂rβus|∂kαus〉), (14)
Ωˆrks = −(Ωˆkrs)t, (15)
with |us〉 the eigen function of the lower band of Weyl
fermions with the monopole charge s, and Eks = −εks.
Here, U(r) is a fictitious gravitational potential which
induces thermal current flow. In the derivation of the
above equation of motions, we retained the terms that
are at most the first order in the Berry curvatures. This
approximation is sufficient for our purpose. The spatial
gradient of U(r) is associated with temperature gradi-
ent −∇U → −Eks∇T/T . Using the above semiclassical
equation of motion and the Boltzmann equation, we ob-
tain the thermal current given by Eq.(4) in the main text.
Keldysh formalism of the Eilenberger equation
We, here, present the detail of the Keldysh formalism
of the Eilenberger equation. The quasiclassical Green
function is defined by,
gˇ(kˆ, r, ǫ) =
(
gˆR gˆK
0 gˆA
)
, (16)
gˆR,A =
(
gR,A fR,A
f˜R,A g˜R,A
)
, gˆK =
(
gK fK
−f˜K −g˜K
)
, (17)
and,
g˜X(kˆ, r, ǫ) = gX†(−kˆ, r,−ǫ), (18)
with X = R,A,K. Taking into account quantum correc-
tions to quasiclassical approximation up to leading order,
we have the Eilenberger equation satisfied by the quasi-
classical Green function,
[(ǫ+ evF ·A)τ3 − hˇ, gˇ] + ivF ·∇rgˇ = i
2
{hˇ · gˇ} − i
2
{gˇ · hˇ},
(19)
where
{aˇ · bˇ} =∇raˇ ·∇kbˇ−∇kaˇ ·∇r bˇ, (20)
and hˇ = ∆ˇ + σˇimp with,
∆ˇ =
(
∆ˆR ∆ˆK
0 ∆ˆA
)
, σˇimp =
(
σˆRimp σˆ
K
imp
0 σˆAimp
)
, (21)
and,
∆ˆR,A =
(
0 ∆R,A
∆˜R,A 0
)
, ∆ˆK =
(
0 ∆K
−∆˜K 0
)
, (22)
σˆR,Aimp =
(
σR,Aimp 0
0 σ˜R,Aimp
)
, σˆKimp =
(
σKimp 0
0 −σ˜Kimp
)
. (23)
Since the energy dependence of the gap function is ne-
glected, we have,
∆R = ∆A = ∆(r)(kx − iky)/kF , (24)
within quasiclassical approximation. The retarded and
advanced self-energy due to impurity scattering within
the Born approximation is given by,
σR,Aimp =
1
2πτ
〈gR,A〉, (25)
where τ is the relaxation time of quasiparticles, and 〈...〉
is the average over the Fermi surface. In the calcula-
tions of the main text, we consider leading corrections
of thermal conductivity due to emergent (chiral) mag-
netic fields. Thus, we replace gR,A in Eq.(25) with those
without quantum corrections, i.e., the solutions of (19)
with the right-hand side equal to zero. The deviation
from equilibrium due to temperature gradient mainly af-
fects the distribution function of quasiparticles for ther-
mal transport. Thus, we neglect the deviation from the
equilibrium values of the gap amplitude, putting ∆K = 0.
Because of the same reasons, the Keldysh part of the self-
energy is replaced by the equilibrium one without quan-
tum corrections,
σKimp = (σ
R
imp − σAimp) tanh
( ǫ
2T
)
. (26)
Vortex lattice structure
In the main text, we consider the thermal transport
in the presence of a square array of vortices. Following
Ref. [59], we introduce the unit vectors of a square vortex
lattice as a1 = (ax, 0) and a2 = (0, ay), where we use the
relation Haxay = Φ0 and Φ0 is the flux quantum. The
spatial coordinate in a unit cell is parameterized with
u ∈ [−1/2, 1/2] and v ∈ [−1/2, 1/2] as r = ua1 + va2
and we impose the periodic boundary condition,
∆(r +R) = ∆(r)eiχ(r), (27)
and A(r+R) = A(r) with the lattice translation vector
R = ma1 + na2 (m,n ∈ Z). In the symmetric gauge,
A(r) = 12H × r + a(r) and the phase factor is given by
χ(r) = − π
Φ0
(H ×R) · (r + 2r0)− πmn. (28)
In each unit cell, we consider a singly quantized vortex
centered at u = v = 0, corresponding to r0 = (a1+a2)/2.
For simplicity, we neglect the spatial inhomogeneity of
the internal field, i.e., a = 0. Figure 3 shows the spatial
profiles of the gap amplitude and phase in a square vor-
tex lattice. The phase gradient generates the emergent
magnetic field B along the vortex line which is parallel
to the temperature gradient.
81.0
-1.0
0
FIG. 3: Spatial profile of the gap amplitude, |∆(r)|, and the
phase, ϕ(r), (color map) in a square vortex lattice. The tem-
perature gradient is applied along the vortex line and the tor-
sional magnetic field due to the vortex lattice emerges along
the same direction.
Thermal conductivity in the case of a uniform chiral
magnetic field
In this section, we present the derivation of approx-
imated solutions of the Eilenberger equation with a
pseudo-Lorentz force term, Eq.(11), in the main text,
and the formula of the thermal conductivity, which are
used in the calculation of the main text.
We derive the quantum correction of the quasiclassical
Green function using perturbative calculation with re-
spect to a temperature gradient and a chiral magnetic
field. The quasiclassical Green function and the self-
energy can be written as,
gˇ = gˇeq + δgˇ, (29)
σˇimp = σˇimp eq + δσˇimp. (30)
where gˇeq and σˇimp eq are the quasiclassical Green func-
tion and the self-energy in local equilibrium, and δgˇ and
δσˇimp are the deviation from equilibrium. As mentioned
above, we neglect δσˇimp in the following. Up to the first
order in the temperature gradient, the deviation from
equilibrium of the Keldysh Green function is given by,
δgK = (δgR − δgA) tanh
( ǫ
2T
)
+ δga, (31)
where δga is the anomalous part which describes non-
equiliburium effects. We parametrize the anomalous
function as,
δga ≡
(
ga + g′a fa
−fa† ga − g′a
)
. (32)
Note that only ga in Eq.(32) contributes to the thermal
conductivity, as will be seen below. Since we consider
anisotropic pairing states, it is legitimate to assume that
the off-diagonal part of the self-energy due to impurity
scattering is negligibly small within the Born approxi-
mation. Using a manner similar to developed in Ref.
[56, 72], up to the first order in the temperature gradi-
ent, we obtain,
ga = −ivF · ∇T
(
∂
∂T
tanh
ǫ
2T
)
gReq − gAeq
σRimp eq − σAimp eq
. (33)
Here, we have neglected the off-diagonal components of
the self-energy and used the relation of the equilibrium
Green function: fReq = −f †Aeq .
We, now, derive an analytical expression for thermal
conductivity with the second-order quantum correction
due to a uniform chiral magnetic field BC = (0, 0,BC).
The definition of the thermal conductivity κ is given as,
JH(r) ≡ −κ∇T
= NF
∫ ∞
−∞
dǫ
4πi
∫
dkˆǫvF
1
2
TrδgK(kˆ, r, ǫ). (34)
We can obtain the trace of the Keldysh Green function
and the analytical expression of the thermal conductivity
Eq. (34) from the Eq. (33). Then, the thermal conduc-
tivity is given by,
κij(T ) =
NF
2T 2
∫
dΩk
4π
dǫ
4π
ǫ2vFivFj
σRimp eq − σAimp eq
gReq − gAeq
cosh2 ǫ2T
,
(35)
where the subscript i, j = x, y, z. The effects of the chi-
ral magnetic field are incorporated in the retarded and
advanced Green function. Performing analytical contin-
uation of the Matsubara Green’s functions which are ex-
panded up to the second-order in the chiral magnetic
field, we obtain the retarded Green function,
gReq(ǫ) = −iπ
(ǫ− σRimp eq)
ZR(ǫ)
e−
i(θR1 +θ
R
2 )
2
− iπ evFBC|∆|
2 sin2 θk
2kF [ZR(ǫ)]3
e−
3i(θR1 +θ
R
2 )
2
+ iπ
e2v2FB2C|∆|2 sin2 θk(ǫ− σRimp eq)
8k2F [Z
R(ǫ)]5
e−
5i(θR1 +θ
R
2 )
2 ,
(36)
where the coefficient and phases are defined as : ZR(ǫ) ≡
|(ǫ−σRimp eq)2−|∆sin θk|2|
1
2 and θR1 (ǫ) = arg(ǫ−σRimp eq+
|∆sin θk|), θR2 (ǫ) = arg(ǫ− σRimp eq − |∆sin θk|). The ad-
vanced Green function can be obtained from the retarded
Green function : gAeq(ǫ) = [g
R
eq(ǫ)]
∗. The numerical results
of the thermal conductivity shown in FIG.2 in the main
text are obtained by using Eq. (35) and Eq. (36).
Pair breaking effect due to chiral magnetic field
A pair breaking effect due to a chiral magnetic field has
been discussed before on the basis of a microscopically
derived Ginzbur-Landau equation [74]. The Ginzburg-
Landau equation for a chiral px+ ipy-wave superconduc-
tor with a chiral magnetic field is given by [74],
9(1− T
Tc
)∆(r)− 7ζ(3)
10π2T 2c
|∆(x)|2∆(r) + 7ζ(3)v
2
F
40π2T 2c
(∂2x + ∂
2
y +
1
2
∂2z )∆(r) +
7ζ(3)v2F
64π2T 2c
(
3i
eBC
kF
∂z − 4
(
e2B2C
kF
)2)
∆(r) = 0,
(37)
where ∂i ≡ ∂∂ri−2ieAi(x) (i = x, y, z) is the gauge invari-
ant differential operator. The fourth term stabilizes the
Fulde-Ferrell state with ∆(r) = |∆|eiQz [74]. To discuss
the pair breaking effect due to a chiral magnetic field,
we determine the center of mass momenta Q and the
critical temperature from the stationary condition of the
Ginzburg-Landau free energy. Under this condition, we
obtain Q = − 154 eBCkF , and the critical temperature given
by,
δTc
Tc
= −0.166
(
evFBC
kFTc
)2
. (38)
Here, Tc is a critical temperature in the case without
chiral magnetic fields, and δTc is the variation of the
critical temperature due to the chiral magnetic field. Eq.
(38) implies that the critical temperature is decrease by
the chiral magnetic field. In the case of BC = 0.02, which
corresponds to 16 times larger than the upper critical
magnetic field Hc2, δTc/Tc ∼ −1. Thus, BC ≈ 0.02
gives a rough estimate of the critical chiral magnetic field.
Therefore, the superconducting state survives even for
a strong chiral magnetic field, the magnitude of which
is 10 times lager than the upper critical field. We can
conclude that the pair breaking effect due to the chiral
magnetic field is very weak compared to that due to a
usual magnetic field.
Relation and comparison with previous studies
There have been several related works on chiral
anomaly phenomena in Weyl systems. We, here, dis-
cuss the relation and comparison between our approaches
and previous ones. The chiral anomaly originates from
the violation of the conservation law of the axial current
in the presence of both an electric field and a magnetic
field, or analogous external fields caused by geometrical
responses [17, 26–40]. In the case of Weyl superconduc-
tors, chiral anomaly induced by geometrical responses is
relevant, because Weyl-Bogoliubov quasiparticles do not
directly couple to usual electromagnetic fields. In partic-
ular, emergent chiral magnetic fields generated by vortex
textures and lattice strain are described in terms of tor-
sion fields Eq.(10). It is noted that the so-called ”gravit-
omagnetic field” considered in [32, 75] corresponds to the
emergent chiral magnetic field given by Eq.(9) in Weyl
superconductors. Then, the torsion field modifies the
conservation law of the axial current, as clearly shown
by You et al. [76] (Eq.(30) of this reference). It is noted
that the chiral anomaly due to the torsion field implies
the existence of the axion-type effective action expressed
in terms of torsion fields, i.e. the Nieh-Yan term which
was discussed by Chandia and Zanelli [30]. Combining
this modified conservation law with a transport theory
such as a hydrodynamis argument given by Lucas et al.
[17], one may obtain the same results as our findings.
The calculation based on this approach is straightfor-
ward when the chiral magnetic field is uniform. How-
ever, in the case of texture-induced emergent magnetic
field, which is considered in the second part of the main
text, the emergent field is generally inhomogeneous, and
thus the calculation would be rather involved. In such
cases, our approach based on the Eilenberger equation is
advantageous for the calculation of transport properties.
Thermal conductivity for non-Weyl (non-Dirac)
superconductors
We, here, compare the thermal transport of usual su-
perconductors in which there is no Weyl (or Dirac) quasi-
particles with that of Weyl (Dirac) superconductors. The
purpose of this section is to clarify that the signature of
thermal conductivity shown in FIG.1 in the main text can
not be realized for non-Weyl (non-Dirac) superconduc-
tors, and to confirm that the signature is a unique feature
of Weyl (Dirac) superconductors. According to numer-
ous previous studies [61–73], in the vortex state of non-
Weyl (non-Dirac) superconductors, there are three mech-
anisms which increase the thermal current as a magnetic
field increases: (i) the suppression of the superconduct-
ing gap due to pair-breaking effects caused by a magnetic
field, (ii) the increase of the density of state of quasipar-
ticle bound states in vortex cores, (iii) the increase of the
density of states due to the Doppler shift (Volovik effect).
The mechanism (i) is not included in our calculation, and
does not explain our findings. For the mechanism (ii),
we have examined that, in our calculations, the thermal
current is dominated by contributions from bulk regions
rather than the bound states in vortex cores. Thus, the
mechanism (ii) does not explain the NTMR found in our
calculations for Weyl superconductors. The mechanism
(iii) is possible only when an applied magnetic field is
perpendicular to the direction along which nodes of the
gap open. Thus, this mechanism is not applicable to our
setup where the node direction (parallel to kz) is parallel
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to the magnetic field. Furthermore, It is well known that
all of the above three mechanisms do not give rise to
the characteristic temperature dependence of the ther-
mal conductivity found in our paper as a signal of the
chiral anomaly contributions, i.e. the increasing behav-
ior in the intermediate temperature region. Thus, we can
definetely conclude that the negative thermal magnetore-
sistivity with the characteristic temperature dependence
is absent for non-Weyl (non-Dirac) superconductors, and
that the signal we found in the thermal transport is a
unique feature of Weyl (Dirac) superconductors.
